Simplified analytical expressions for the compressive strength and elastic properties of solid brick masonries by Aslani, Kianoush

Simplif ied Analytical Expressions for the Compressive Strength and Elastic Properties of Solid Brick Masonries  
 
 
Erasmus Mundus Programme 
ADVANCED MASTERS IN STRUCTURAL ANALYSIS OF MONUMENTS AND HISTORICAL CONSTRUCTIONS  i 
DECLARATION 
 
Name: Kianoush Aslani 
Email: Aslani.kianoush@gmail.com 
  
Title of the 
MSc Dissertation: 
Simplified Analytical Expressions for the Compressive Strength 
and Elastic Properties of Solid Brick Masonries 
Supervisor(s): Climent Molins & Pere Roca  
Year: 2017 
 
 
I hereby declare that all information in this document has been obtained and presented in 
accordance with academic rules and ethical conduct. I also declare that, as required by 
these rules and conduct, I have fully cited and referenced all material and results that are 
not original to this work. 
 
I hereby declare that the MSc Consortium responsible for the Advanced Masters in 
Structural Analysis of Monuments and Historical Constructions is allowed to store and 
make available electronically the present MSc Dissertation. 
 
 
University: Universitat Politècnica de Catalunya (UPC) and Universidade do 
Minho (UM) 
Date: March, 6, 2017 
Signature: 
Kianoush Aslani 
Simplif ied Analytical Expressions for the Compressive Strength and Elastic Properties of Solid Brick Masonries  
 
 
Erasmus Mundus Programme 
ii ADVANCED MASTERS IN STRUCTURAL ANALYSIS OF MONUMENTS AND HISTORICAL CONSTRUCTIONS 
 
 
 
 
 
 
 
 
 
 
 
 
 
Simplif ied Analytical Expressions for the Compressive Strength and Elastic Properties of Solid Brick Masonries  
 
 
Erasmus Mundus Programme 
ADVANCED MASTERS IN STRUCTURAL ANALYSIS OF MONUMENTS AND HISTORICAL CONSTRUCTIONS iii 
 
 
 
 
 
 
 
 
To My Family 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Simplif ied Analytical Expressions for the Compressive Strength and Elastic Properties of Solid Brick Masonries  
 
 
Erasmus Mundus Programme 
iv ADVANCED MASTERS IN STRUCTURAL ANALYSIS OF MONUMENTS AND HISTORICAL CONSTRUCTIONS 
 
Simplif ied Analytical Expressions for the Compressive Strength and Elastic Properties of Solid Brick Masonries  
 
 
Erasmus Mundus Programme 
ADVANCED MASTERS IN STRUCTURAL ANALYSIS OF MONUMENTS AND HISTORICAL CONSTRUCTIONS v 
 
 
 
 
 
 
 
 
 
 
 
 
 
Simplif ied Analytical Expressions for the Compressive Strength and Elastic Properties of Solid Brick Masonries  
 
 
Erasmus Mundus Programme 
vi ADVANCED MASTERS IN STRUCTURAL ANALYSIS OF MONUMENTS AND HISTORICAL CONSTRUCTIONS 
ACKNOWLEDGEMENTS 
 
The present research has been developed in “Advanced Masters in Structural Analysis of 
Monuments and Historical Constructions (SAHC)” financed by European Commission 
within the ERASMUS MUNDUS Programme. I would like to acknowledge the 
scholarship that supported me during the coursework at Universidade do Minho (UM) 
and dissertation work at Universitat Politècnica de Catalunya (UPC). I also would like to 
thank Professor C. Molins and Professor P. F. Roca who guides me during completion of 
the thesis and Professor Paulo Lourenco that gave me the opportunity to participate in 
SAHC. 
 
 
 
 
 
 
 
 
Simplif ied Analytical Expressions for the Compressive Strength and Elastic Properties of Solid Brick Masonries  
 
 
Erasmus Mundus Programme 
ADVANCED MASTERS IN STRUCTURAL ANALYSIS OF MONUMENTS AND HISTORICAL CONSTRUCTIONS vii 
 
 
 
 
 
 
 
 
 
 
 
 
 
Simplif ied Analytical Expressions for the Compressive Strength and Elastic Properties of Solid Brick Masonries  
 
 
Erasmus Mundus Programme 
viii ADVANCED MASTERS IN STRUCTURAL ANALYSIS OF MONUMENTS AND HISTORICAL CONSTRUCTIONS 
ABSTRACT 
 
One of the main difficulties when working with heritage structures is the difficulty of 
assessing the compressive strength of masonry and the other mechanical properties such 
as the elastic orthotropic properties. In addition, actual masonry codes are focused on 
modern fabrics which normally include Portland cement mortars. In fact, such mortars 
are very different from the ancient ones, mainly based on aerial lime and sometimes 
hydraulic lime. Then, in spite of knowing the properties of the bricks and mortar of 
existing structures, architects and engineers are not able to obtain a good estimation of 
the masonry mechanical properties because the values are below the range included in 
the codes. In addition, obtaining mechanical properties from a full masonry specimen is 
much more difficult than obtaining the characterization of the individual components. 
The main objective of this Master Thesis is to obtain simplified expressions, similar to 
those provided in standards such the Eurocode, to produce good estimations of the 
mechanical properties of heritage masonry which include low strength mortars. 
To this purpose, it is proposed to use systematically a numerical tool, based on analytical 
expressions, able to compute the composite material properties of masonry from those of 
the components, to produce a vast collection of results varying different parameters such 
as the components' strength, young modulus, joint and brick sizes, etc. With this database 
of results, validated with some existing experiments, simple closed form expression will 
be adjusted to produce good estimators of these properties to the practitioners.  
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CHAPTER 1:  
INTRODUCTION 
 
1.1 Motivations 
 
Masonry is the oldest construction methodology and still in prevalent using that are 
constructed by the arrangement of units bound together by mortar or laid dry. There are 
lots of buildings which have been made by masonry especially in underdeveloped 
countries and also developing countries due to its durable construction. In addition, the 
number of historically, artistically, architecturally and culturally important buildings and 
aggregates made of masonry is considerable. Hence, it is compulsory to study, research 
and analyze these types of structures in order to preserve, conserve and retrofit them. 
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Masonry is a sustainable choice for building material because of some specifications 
such as including water, sound and heat insulation, fire protection, durability, low 
maintenance cost and aesthetically features. Thus, even after developing modern 
materials, it has remained in modern constructions as a secondary element.   
The materials that have been used in masonry structures differ that depends on 
availability of material sources in the surroundings. The types of units are stone, brick or 
block, and for binding materials are lime mortars, mud, cement or clay. There are the 
other kind of elements such as wooden beam, metallic tie rods and rubble infill. 
In terms of structural typologies and the interlocking bonds of units, there are different 
kinds of masonry structures such as single and multi-leaf walls with infill or vertical 
pillars, arches, vaults, domes and buttresses. The known bond typologies between the 
units are Flemish, English, running bond and stack bond. 
The research interest for structural analysis of masonry has increased in the recent few 
decades, because of its close association with sustainable design, the preservation of 
architectural heritage, the tourism industry and the preservation of culture. The state of 
the art of structural masonry is especially progressing in the field of material study, 
structural analysis using advanced specialized methods and intervention techniques, and 
finally structural analysis of existing structures for the purpose of capacity evaluation and 
design of repair and strengthening interventions. Hence, it is so significant to research the 
parameters which influence the mechanical characteristics of the masonry that are not 
completely known. [1] 
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1.2 Goals 
 
The objective of the thesis is the understanding of the behavior of unreinforced masonry 
composites under compressive loads by employing micro-modeling techniques. The 
compressive strength is the main design parameter according to design codes. 
Understanding of the overall behavior, evaluation of the material properties and arising 
failure modes in masonry composites is so critical in design of effective and efficient 
interventions on masonry structures. There are many formulas for the prediction of the 
masonry strength and elastic properties but these formulas are not precise for historical 
constructions. 
A. Drougkas (2015) [1] has proposed a simple numerical tool for the prediction of the 
compressive strength and the elastic parameters of masonry walls at UPC. In the present 
thesis, the proposed numerical tool will be used to run a series of parametrical analysis 
and compared them with Eurocode equations and closed-form expressions.   
The main objective is to identify the main parameters such as material properties that 
influence on the strength of the masonry wall and manage the data produced from 
sensitivity analysis in order to make a comparison the result with closed form 
expressions. Thus, obtaining a simple closed-form expression of the compressive 
strength of the masonry walls is crucial. 
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1.3 Structure of the Thesis 
 
Chapter 2 included a brief overview of theoretical background, and a short explanation of 
the analytical tool that has been applied, so micro-modeling techniques and micro-
mechanical model is summarized.  
Chapter 3 contains the range of the parameters which would influence on the 
compressive strength and elastic properties of masonry composites. The compressive and 
tensile strength of bricks and mortar and also Poisson’s ratio of them are the parameters. 
The references, maximum and minimum values in the literature are demonstrated.      
A parametric investigation of the influence of the properties of the constituent materials 
on the compressive strength has conducted in Chapter 4. The aforementioned parameters 
and the way that they influence on the strength of running bond masonry wall have 
studied.  
Chapter 5 deals with the representation and comparison of Eurocode equations and the 
results coming from analytical micro-model.  
Evaluation of closed-form expressions in the literature by comparing them with 
analytical expressions in the thesis have conducted in chapter 6. It shows that which 
formulas operate better for the historical unreinforced masonry composites. 
Chapter 7 summarizes and organizes the conclusions acquired from previous chapters. 
Recommendations for the future works are also proposed for further practical and 
research purposes. 
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CHAPTER 2:  
SATE OF THE ART 
 
 
 
2.1 Introduction 
 
The structural analysis of masonry composites are more complicated than steel and 
reinforced concrete materials because of the complexity of the material and the internal 
organization of masonry elements. The complication of geometric bond in the structural 
arrangement of isotropic constituent materials leads to be orthotropic behavior of 
masonry. The simplification of the shapes, the study of the mechanical properties of the 
constituent materials, both independent behavior and in their interactions in the structure, 
their behavior through the time and other aspects are some the complex features in the 
numerical modeling of masonry structures.  
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In addition, derivation of mechanical properties of constituent materials in historical 
constructions is difficult and even if they would be known; acquiring the elastic 
properties of the composite requires complex analysis tools. Furthermore, the results vary 
in different masonry typologies. The selections of the models for masonry has been 
developed based on the behavior of concrete material, but using the simplified theory for 
concrete is not sufficient for masonry.  
The adaptation of a unified approach including precise material testing, accurate 
inspection and detailed structural analysis is compulsory in order to characterize 
appropriately the strength of masonry structural elements and the morphology owing to 
these adversities. A discontinuous approach in the modeling of masonry composites is 
more suitable to obtain accurate results. [1,2] 
 
2.2 Behavior of Masonry under Compression 
 
A lot of research has been carried out to determine the behavior of masonry composites 
under any type of loading. Hilsdorf (1969) illustrated that the failure of masonry is due to 
the non-uniform elastic properties of the constituent materials. As shown in Figs. 2. 1a 
and b, mortar tends to stretch laterally more than units due to its lesser stiffness. As 
regards, because of the bond between the constituent materials, the mortar is bounded 
laterally. Thus, the state of stress for mortar is triaxial compression, and bricks are under 
bilateral tension with axial compression. Therefore, vertical splitting crack becomes 
visible and leads to the failure of the masonry units. 
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Fig. 2.1.  (a) Stress state of brickwork under compression, (b) tensile cracks of bricks 
 
2.3 Micro-Modeling Approach 
 
2.3.1 Goal of the Micro-Modeling 
 
Numerical prediction of the physical macroscopic phenomena in masonry composites 
and their dependence to dominant failure modes had some defects, and then Page 
accomplished for the first time the micro-modeling of masonry, and overcame to the 
defects. [4]  
The principal target of the micro-modeling is precisely to simulate all the mechanisms 
that are developed in masonry composites under any type of loading and comprehend the 
interaction of the bricks and the mortar. Thus, realizing the failure mode of the walls is 
the mandatory objective which requires to be achieved. 
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The disadvantage of the micro-modeling is the extended computational cost, hence the 
simulation of the entire of the structure is not practical even with the great progress of the 
technology, and it should be carried out just for independent elements. Therefore, the 
simulation of experimental campaigns and investigation of unknown phenomenon of the 
masonry elements could be accomplished by the micro-modeling.  
 
2.3.2 Level of Detail 
 
Three different strategies in the simulation of masonry composites are detailed micro-
modeling, simplified micro-modeling and macro-modeling. The amount of detail 
incorporated into the geometrical representation of the construction is different.  
The simulation and representation of masonry structure, in the macroscopic approach, are 
as a uniform composite material. The advantage of macroscopic modeling is less 
computational cost, thus the simulation of the behavior of whole of construction is 
feasible. However, the accuracy of this approach sometimes is low, for instance when the 
material characteristics gained from empirical methods. 
The simulation of four basic individual components is carried out in the detailed micro-
modeling approach. The units in their actual dimensions using continuum elements, the 
mortar with its actual thickness in the joints applying continuum elements, the 
unit/mortar interface and the potential cracks, both using discontinuous elements, as 
explained by Lourenço [5]. The most idealization and detailed representation obtain in 
this method, but the disadvantage is that the computational time consumption and effort 
for preparation of the model increase. Through this strategy, it is possible to identify the 
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origin and the type of failures (e.g. cracks on the units, crash of the mortar and failure in 
the interface of the elements). 
By additional degree of homogenization in the masonry composite, the simplified micro-
model approach is developed. Unit dimensions are extended to cover half the width of 
the mortar joints, thus eliminating the intervening layer of independently modeled mortar 
and allowed to interact directly with each other through discontinuous elements 
representing the behavior of the joints. The geometrical complexity and computational 
effort reduce in simplified micro-modeling without considerably significant loss of 
precision. Therefore, this approach could be an alternative choice to detailed micro-
modeling when the entire behavior of the structure is favorable rather than localized 
manner. The remarkable obstacle of simplified micro-model is the simplification for the 
joint behavior which does not take into account the actual stress state in the mortar or the 
Poisson’s effect generated by the unit/mortar interaction in compression. Figure 2.2 
represents the three different approaches.  
 
 
Fig. 2.2.  Modeling strategies for masonry structures: (a) masonry sample; (b) detailed micro-
modeling; (c) simplified micro-modeling; (d) macro-modeling [5] 
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2.4 Analytical Micro-Modeling of Masonry 
 
2.4.1 Introduction 
 
Masonry walls and pillars withstand the main loads and its secondary features in existing 
buildings and also in modern constructions. These orthotropic composite materials 
consist of the units, the mortar and the infill. Structural analysis of masonry, for 
calculating the strength of the composite material and elastic parameters, is difficult 
because of the combination of materials with the great variety of geometrical 
arrangement of units and mortar. Thus, development of a simple tool for prediction of the 
aforementioned parameters and characteristics is so significant.  
The method for analytical calculation is based on the analysis of the smallest repeating 
geometrical entity which is representative of the overall masonry geometrical pattern. 
The analysis of periodically repeating patterns in masonry composites is simple. Thus, 
analyzing of a geometrically repeating part facilitates to calculate the elastic and strength 
properties of masonry structures, and considering of symmetry arising from geometrical 
and loading conditions simplify this part.  
Analysis of these cells is done by using boundary conditions, kinematic compatibilities 
and stress equilibrium. The derivation of nonlinear properties might be carried out by the 
iterative solution of the problem by supposition of the damage models and plasticity 
theory for the material behavior in the aforementioned cells.       
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Therefore, extraction of the strength and the orthotropic elastic macro-characteristics of a 
diversity of masonry typologies based on the elastic micro-properties of the constituent 
materials, and detailed micro-modeling approach is pleasant. The analytical calculation 
method, which has developed by Drougkas (2015), is applied for running bond typology 
of the masonry composite in the thesis.  
It is conceivable to apply the analytical tool to capture a vast database since the low 
computational cost in this case, but for the three –dimensional configurations; still it has 
the disadvantageous of the high computational of time consumption.    
 
2.4.2 Material Models 
 
There are two important facts for introducing the material models. The main failure 
modes as it mentioned above are cracking of the bricks due to lateral tension and vertical 
compression in direction of the loading and crushing of the mortar under triaxial 
compression. The other significant issue for proposing the material models is that in 
order to be appropriate results for historical constructions, it should be considered a 
suitable value for strength of the traditional units and knowing that the historical mortar 
has low strength.  
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Thus, the simulation of the nonlinear behavior of the bricks in tension and the mortar in 
compression could be carried out by applying detailed micro-modeling approach. 
Moreover, the modeling of the tensile and shear failure at unit/mortar interface should be 
conducted as well. Application of a compression dependent plasticity and combination 
with a smeared cracking model has been used in the approach. Also, the composition of 
total strain nonlinear model with secant loading has been performed in the model. [17,18]  
Thus, all the failure modes arise in masonry under compression would be simulated. The 
modeling of the tensile cracks is carried out by rotating crack model that the evaluation 
of stress-strain relationship in the principle directions of the strain vector has been 
accomplished.  
The mechanical behavior of the materials in tension is linear-elastic before reaching the 
tensile strength. The following equation demonstrates the post peak area of stress-strain 
relationship diagram which is an exponential softening curve. 
 
                                                                         Eq. 2.1 
 
where  is the crack strain and  is the ultimate crack strain. The tensile fracture 
energy effects on the ultimate crack strain as it is shown in the following formula: 
 
                                                                                Eq. 2.2 
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where  is the crack band width. The relationship between crack bandwidth and 
characteristic dimension is  that  is the volume of the finite element. Moreover, 
the Poisson effect does not influence on cracked dimensions subjected to tension, so 
increasing of loading does not cause to contraction in the perpendicular direction. Hence, 
the adaptation of an orthotropic formulation for the Poisson’s ratio would be appropriate 
that it is reduced after cracking as the secant modulus. [24] 
 
The formulation of the fracture energy in tension is presented in Equation 2.3: 
 
                                                                    Eq. 2.3                                                                               
 
In the application of the smeared crack model, the constant shear retention has been 
considered. Thus, after the first crack due to tension, the full retention of shear as 
assumed. The rotating crack approach adopted is compatible with this hypothesis, that 
the shear stresses at the crack are zero. It means that the shear effects are neglected in the 
situation.  
The stress-strain relation of the compressive behavior of the materials for unconfined 
uniaxial compression, that the most of the heritages are unconfined, is a parabolic curve 
depended on the fracture energy. There are three different values for introducing of the 
curve. The first value is the strain related to the stress equals to the one third of the 
strength. After that, the hardening part of the material starts and it would be finished on 
the strain corresponds to the strength value. The final part is softening behavior 
terminated at the ultimate strain. The following equations are shown the curve. 
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                                                                          Eq. 2.4  
                                                                        Eq. 2.5    
                                                                   Eq. 2.6                                                                       
 
The calculation of the fracture energy in compression is as follows: 
 
                                                                     Eq. 2.7                                                                  
 
where  is the ductility index parameter and is assumed 1 mm. 
The parabolic curve in compression is defined in the next equations: 
 
                       Eq. 2.8                                                 
      
Besides, in historical constructions, there are confined elements. For these cases, the 
lateral pressure effects on the behavior of the masonry which increases the strength 
properties. Hsieh- Ting-Chen failure surface is used for the modeling of this condition by 
application of the four parameters [7] which the definition is as follows:  
 
                                      Eq. 2.9                                               
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where  and  are the stress invariants and  is the maximum principal stress. The 
material parameters , ,  and  are determined by four experimental tests: uniaxial 
compression, uniaxial tension, equal biaxial compression and triaxial compression. 
The stress-strain diagrams for confined and unconfined cases are displayed in the 
following figure: 
 
    
Fig. 2.3.  (a) Uniaxial compression curve; (b) compression curve in confined masonry 
 
The modeling of the unit/mortar interface in the micro-mechanical approach is based on 
the relative displacements. Before reaching to the critical value, there is stiffness in the 
relative displacement, but after passing the strength, the failure is brittle and then there is 
not any stiffness in the point. [1] 
The Modified Newton Raphson is used in terms of the type of analysis for the nonlinear 
problems. In addition, for the prediction of the iterative displacement increments and to 
accelerate the convergence rate, a Line Search algorithm has been used.  
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The application of loading is based on the displacement control, and the energy-based 
method has been applied for the convergence of the steps. 
 
2.4.3 Derivation and Discretization of the Periodic Unit Cells  
 
Through the recognition of the repeating pattern in the masonry structure and the 
following simplification due to symmetry position, the extraction of the periodic unit cell 
is carried out. The masonry typology in the thesis studied is running bond. The derivation 
pattern has been displayed in Figure 2.3: 
 
          
(a)                                                      (b) 
 
 
Fig. 2.4.  (a) Derivation of running bond wall cell: full wall, repeating pattern and cell derived 
from geometrical symmetry of repeating pattern; 
(b) Discretization of the periodic unit cell for running bond wall. 
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The scheme of the masonry does not change through the thickness, because all of the 
units have similar direction in running bond masonry wall, so it has one of the lowest 
elaboration in terms of geometry among all the other typologies in the masonry 
composites, hence the size of the unit cell has decreased.  
Through discretization of the cell in structural parts, the modeling of the interaction in 
terms of deformation and stress distribution and equilibrium under external loads, the 
analysis of the periodic unit cells is accomplished which is the analytical micro-model. 
The equilibrium equations are solved for three normal and six shear stress components 
respectively to acquire the elastic properties of the cell in three orthogonal directions.  
The discretization of the periodic unit cell has been shown in Figure 2.3. The cell for 
running bond typology is discretized into four stretcher units, one bed, 2 heads and 2 
cross joint parts. The cell is divided into three horizontal, three vertical and six 
transversal strips. In order to achieve a simplified assumptions in the formulization of the 
model, the aforementioned discretization have been suggested.     
 
2.4.4 Development of Micro-Mechanical Model – Linear Elastic Analysis 
 
The total strain of the cell depends to the loading applied. All stresses and strains in the 
cuboid parts are assumed constant in the cuboid parts. The units and the mortar are 
modeled as three-dimensional isotropic continua, for linear elastic computation. The 
assumption of unit/mortar interface for the linear elastic analysis is perfect cohesion. 
Isotropic linear elasticity stress-strain relations in three dimensions for the units and 
mortar are as follows: 
Simplif ied Analytical Expressions for the Compressive Strength and Elastic Properties of Solid Brick Masonries  
 
 
Erasmus Mundus Programme 
18 ADVANCED MASTERS IN STRUCTURAL ANALYSIS OF MONUMENTS AND HISTORICAL CONSTRUCTIONS 
                                                      (2.1) 
                                                                    (2.2) 
 
where the sub-index  refers to the number of the cuboid,  and  are the applied 
normal stress and calculated normal strain along axis i,  and  are the shear stress in 
planes ,  is the Young’s modulus and  is the Poisson’s ratio. 
In the running bond masonry walls under horizontal stress, the contribution of the shear 
deformation of the cuboid is required. The horizontal stiffness exceeds, if the shear 
deformation does not calculate as a portion of the total deformation in the compatibility 
equations. [6] 
The three Young’s moduli and the Poisson’s ratio of each cell are determined by 
applying of the following equations: 
 
                                                 (2.3 a, b) 
 
The horizontal, vertical and transversal directions in the model correspond to the ,  and 
 axes. The cuboid parts are determined by a collection of initials. 
The Normal and shear stress equilibrium equations are formed according to the following 
equations: 
 
                           (2.4 a,b) 
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where  is the total cross sectional area of the cell and  is the cross sectional area of 
cuboid n in direction . 
The cuboid parts have been determined by a set of initials as follows:  for units,  for 
head joints,  for cross joints and  for bed joints. Dimensions are defined according to 
their orientation:  corresponds to a horizontal length and  to a vertical height. Finally, 
the dimensions symbols are suffixed  or  for units and mortar respectively. Figure 2.4 
displays the discretization of the running bond wall cell along with the naming 
convention for each component in detail.  
Thus, by solving the equations, which are the forces equilibrium in each direction, strain 
conformity and the constitutive laws of the brick and mortar, the elastic parameters of the 
composite (Young’s modulus and Poisson’s ratio) would be calculated.  
 
 
Fig. 2.5. Discretization and component designation of the running bond wall. 
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Through solving the linear system of aforementioned equations in a single calculation 
step, the solution of linear elastic analysis, which is the elastic moduli of the cell, could 
be obtained. The elastic parameters are the Young’s Modulus and the Poisson’s ratio. 
The unknowns in the system of equations are normal and shear stresses as well as normal 
and shear strains. Three normal stresses, three normal strains, one shear stress and one 
shear strain are the unknowns for each cuboid in the condition of normal stress loading, 
so in overall, the running bond wall includes 40 unknowns.  
 
2.4.5 Development of Micro-Mechanical Model – Nonlinear Analysis 
 
A powerful computational method for the extraction of the elastic and inelastic properties 
of masonry wall is micro-modeling technique. It resolves the elastic properties of 
masonry composites under each type of loading. The data gained related to the strength 
characteristics, the development and propagation of damage as well as the effect of the 
mechanical behavior of the constituent materials on the orthotropic mechanical properties 
of masonry is the most significant parameters for the analysis and parametrical study of 
masonry constructions. It could be concluded to discover the critical mechanical 
properties of masonry materials.  
Application of analytical expressions according to stress equilibrium, strain conformity 
and logical hypothesizes regarding to the constitutive laws of masonry components, was 
leading to the analysis of the masonry cells. Integration of the aforesaid computation with 
the nonlinear behavior of the constituent materials provides a more complete tool for 
assessment of the nonlinear properties of masonry constructions.  
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The determination of the failure criteria in compression, shear and tension has been 
specified in the investigation. Hsieh-Ting-Chen failure curve is implemented for the 
mortar, and two different failure criteria have been adopted for the units which are 
Rankine criterion and Mohr-Coulomb criterion. All curves have been displayed in Figure 
2.5.  
 
 
Fig. 2.6.  Failure curves (a) mortar for various levels of out-of-plane stress (b) units (c) interfaces. 
 
Using of damage variables is the principal component for definition of damage and 
failure in the cuboids due to compression, shear and tension. They are nominated C, S 
and T for compression, shear and tension, respectively and the range is from 1 to 0. The 
proportion of the actual stress and the effective stress in the components is demonstrated 
by the variables. The value of 1 denotes that material is undamaged and the value of 0 
explains that the material is completely softened.  
The curves for the description of the hardening and softening behavior of materials in 
tension, compression and shear are presented in Figure 2.6.  
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Fig. 2.7.  Hardening-softening curves for (a) compression (b) tension and (c) shear. 
 
The adjustment of basic systems of equations in linear elastic analysis could be 
terminated the nonlinear elastic computation. Applying of damage variables in Hook’s 
law equation and adoption of the concept of effective and ineffective stresses cause the 
evaluation of nonlinear elastic analysis which is shown in equation 2.5. The solution 
process of the systems of modified equations is carried out by Newton-Raphson iterative 
process. 
 
                                                            (2.5) 
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CHAPTER 3:  
THE RANGES OF THE PARAMETERS 
 
 
 
 
 
 
 
 
3.1 Introduction 
 
The parameters which have been applied in the research might be placed in two 
categories. The first one is the independent characteristics of the constituent materials. 
The Compressive strength of the units and the mortar as well as Poisson’s ratio of them is 
utilized as self-determining properties. Besides, the tensile strength and the Young’s 
modulus of elasticity of the constituent materials are dependent to the aforementioned 
characteristics. 
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Reference values used in the literature and the experimental practices, also the 
application of the maximum and minimum quantities have been employed for the first 
category. Extraction of some equations, which demonstrates the proportion of the 
compressive strength of the constituent materials and the dependent parameters, is the 
methodology for the discovery of the dependent parameters. 
 
3.2 Independent Characteristics 
 
3.2.1 Compressive Strength of the Bricks 
 
Probing of several references [19-23] represents that the compressive strength of the 
brick in any type of masonry composites is between 5[25] and 70[26] . However, the 
common values are among of 10 and 50 . In historical constructions, the strength of 
the units is less than modern masonry structures. Thus, the quantity of 10, 20, 30 and 
40  has been considered for the compressive strength of the bricks. [1] The 
compressive strength of the units is shown in the following matrix form: 
 
                                                       Eq. 3.1 
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3.2.2 Compressive Strength of the Mortar 
 
The compressive strength of the mortar in masonry buildings, varies in a wide range, 
because the structural types are so divers. [1] The minimum value that observed in many 
articles and experimental tasks is approximately 0.5 [25], and the maximum extent is 
about 30 [27], although the prevalent quantities are between 0.5 and 10 .  
Similar to the bricks, the compressive strength of the mortar in historical structures and 
monuments is lower than the modern masonry constructions. Therefore, in the inquiry, 
the values of 0.5, 1, 2 and 5  is supposed. [1] The compressive strength of the mortar 
has been displayed in the following form: 
 
                                                      Eq. 3.2 
 
3.2.3 Poisson’s Ratio of the Constituent Materials  
 
The Poisson’s ratio of the units and the mortar has excavated through different papers. It 
indicates that the minimum value of the ratio is 0.07 [26,27], and the maximum quantity 
of the mortar is a bit more than the bricks. The aforementioned values for the mortar and 
the units is 0.25 [22] and 0.2 [28], respectively.  
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However, the Poisson’s ratio of 0.25 is rare in the historical masonry constructions. Thus, 
the ranges which have been assumed are 0.07, 0.12, 0.15, 0.18 and 0.2 for both of the 
constituent materials [1]. Poisson’s ratio of the units and the mortar is represented in 
(3.3): 
 
                                             Eq. 3.3  
 
3.3 Dependent Characteristics 
 
3.3.1 The Tensile strength of the Units and the Mortar 
 
The tensile strength of the constituent materials is not self-determined parameter. It could 
be obtained through using some proportions of compressive and tensile strength. The 
common appropriateness in masonry composites in terms of material behavior 
demonstrates that the tensile strength of the masonry materials is between 2 and 10 
percent of their compressive strength. [1] The numbers of 2, 5 and 10 percent have been 
employed in the dissertation, as it is represented in the following equation: 
 
                                           Eq. 3.4 
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3.3.2 The Young’s Modulus of the Constituents Materials  
 
The Young’s modulus of elasticity is a dependent characteristic of masonry materials in 
the investigation and most of the papers in the literature. The function, used in the 
references [1], is the proportion of Young’s modulus and the compressive strength of the 
masonry.  
The most prevalent ratio for masonry composites illustrates that the modulus of elasticity 
is 100 to 1000 times more than their compressive strength. The values applied in the 
thesis are 100, 300, 600 and 1000 which are common in the articles. They are displayed 
in the following matrix form corresponding to their compressive strength: 
 
 
                            Eq. 3.5 
 
                                   Eq. 3.6 
 
 
 
 
 
 
 
 
 
 
Simplif ied Analytical Expressions for the Compressive Strength and Elastic Properties of Solid Brick Masonries  
 
 
Erasmus Mundus Programme 
28 ADVANCED MASTERS IN STRUCTURAL ANALYSIS OF MONUMENTS AND HISTORICAL CONSTRUCTIONS 
3.4 The Dimensions of the Brick and the Mortar 
 
The two most common dimensions of the bricks in historical constructions are as 
follows: [1]    
 
                                     Eq. 3.7 
 
The aforementioned dimensions have been utilized in the research, and the prevalent 
sizes for the height of the mortar might be between 1 and 2 centimeters, that the sizes of 
1, 1.5 and 2 centimeters are applied in the thesis. 
The parametrical study for the dimensions of the units and the mortar could be carried 
out in the future, and observed the influence of the different sizes on the elastic and 
strength properties of the masonry.  
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CHAPTER 4:  
SENSITIVITY ANALYSIS 
 
 
4.1 Parametric Investigation 
 
4.1.1 Influence of Tensile Strength of the Units and Compressive Strength of the 
Mortar 
 
The first parameter for investigation is the ratio between the tensile strength of the units 
and the compressive strength of the mortar. Figure 3.1 is related to a running bond 
masonry wall with the following properties: 
 
       , , ,  
        Eq.4.1 
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The first point is that by increasing the compressive strength of the mortar and also 
tensile strength of the units, the compressive strength of masonry increases. The second 
comment for indication is that the slope of the diagram decreases by increasing of the 
compressive strength of the mortar. It means that the influence of the compressive 
strength of the mortar is low in the higher values.  
Furthermore, the increase of the compressive strength of mortar does not effect on the 
strength of masonry when the compressive strength of masonry reaches to the 
compressive strength of units [2]. In addition, the slope of the plots increases by 
progressing of the tensile strength of units. The concept is that the affection of the 
compressive strength of mortar enhances when the tensile strength of units is high.  
The main failure mode in the low ranges of  is related to the compressive strength 
of the mortar. After the aforementioned point, which implies that compressive strength of 
the mortar does not effect on compressive strength of masonry composite, the mode of 
failure is due to tensile strength of the units.  
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Figure 4.1 – Influence of the compressive strength of mortar and tensile strength of units on the 
compressive strength of the running bond masonry wall. 
 
In terms of the elastic properties of the masonry, it could be declared that by increasing 
of compressive strength of the mortar or tensile strength of the units, the elastic modulus 
of masonry structure increases. Figure 4.2 represents the elastic properties of the masonry 
construction for the previous characteristics of the running bond masonry wall. The effect 
of compressive strength of the mortar decreases through its increasing, since the slope of 
the diagram reduces.  
The other point is that the differences between the two first plots ( ) are 
much more in comparison by the second and third plots ( ). The 
interpretation of the point is that, similar to the compressive strength of mortar, the effect 
of the tensile strength of units is decreasing by its increasing. The supposition would be 
the maximum elastic characteristic of masonry composite is equal to the Young’s 
modulus of the units. 
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The general failure mode in this case is corresponding to the compressive strength of 
mortar before reaching to the Young’s modulus of the units, and when the slope of the 
plot decreases and reaches to zero, the failure mode is related to the tensile strength of the 
units. 
 
 
Figure 4.2 – Influence of the compressive strength of mortar and tensile strength of units on the 
elastic modulus of the running bond masonry wall. 
 
The three-dimensional diagram of the tensile strength of units, compressive strength of 
mortar and strength of the masonry is demonstrated in Figure 4.2 for the following state: 
 
 
                                Eq. 4.2 
  
Simplif ied Analytical Expressions for the Compressive Strength and Elastic Properties of Solid Brick Masonries  
 
 
Erasmus Mundus Programme 
ADVANCED MASTERS IN STRUCTURAL ANALYSIS OF MONUMENTS AND HISTORICAL CONSTRUCTIONS 33 
The slope of the curve for the low ranges of the tensile strength of units is lower than the 
high values. It means when the tensile strength of bricks is high, the variation of the 
compressive strength of mortar affects a lot on the strength, but if it would be low, the 
variation of the strength of the mortar does not influences, from one point to the next, on 
the strength. 
Furthermore, the variation of tensile strength of bricks does not influence on the strength, 
if the value of the compressive strength of mortar is very low. However, in the high 
limits of the compressive strength of mortar, the effect of the tensile strength of units is 
considerable, though the slope decreases by its increasing.  
One of the complex diagrams is the effect of compressive strength of the mortar and 
tensile strength of the units on the elastic properties of masonry. The Figure 4.3 has 
demonstrated for the running bond masonry wall with the previous attributes in the 
section. The three-dimensional plot has four sides as extreme values and they are 
interpreted in the following paragraphs. 
If the compressive strength of mortar would be very low, the relation between tensile 
strength of the units and elastic properties will be linear. The concept could be that the 
mortar does not have any effect on the behavior of masonry construction.  
However, in the high extents of compressive strength of mortar, the influence of the 
tensile strength of bricks on the macroscopic Young’s modulus increases, since the 
curvature of the plot is positive. Although this study is for the ranges less than the 
Young’s modulus of the units, and it means the elastic properties of masonry wall does 
not reach to the elastic characteristics of bricks. 
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Figure 4.3 – Influence of the compressive strength of mortar and tensile strength of the units on 
the compressive strength of masonry composite in the 3D plot. 
 
 
Furthermore, the effect of compressive strength of the mortar, in the low limits of the 
tensile strength of bricks has a negative curvature. However, the influence of 
compressive strength of mortar on the macroscopic Young’s modulus in the high values 
of tensile strength of the mortar is the exaggerated example of the prior instance. The 
concept is that it does not reach quickly to its extreme quantity as it is shown in Figure 
4.4. 
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Figure 4.4 – Influence of the compressive strength of mortar and tensile strength of the units on 
the elastic characteristics of masonry composite in the 3D plot. 
 
4.1.2 Influence of Compressive Strength of Units and Compressive Strength of 
Mortar 
 
The influence of the compressive strength of mortar and compressive strength of units 
has been illustrated as 3D diagram in Figure 4.5 for the following case: 
 
 
          Eq. 4.3 
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It displays that when the compressive strength of mortar is low, the compressive strength 
of units does not has any effect on the strength, but in the high values of compressive 
strength of mortar, the influence of compressive strength of units is high, and the slope 
decreases by growth of the compressive strength of the units. 
In the case of low ranges of compressive strength of the units, by increasing of the 
compressive strength of mortar, the strength increases, but the slope reduces. By 
increasing of the compressive strength of units, the changing of slope decreases, and it is 
going to be as a linear function. These comments correspond to the four extreme sides of 
the 3D diagram in Figure 4.5.  
 
 
Figure 4.5 – Influence of the compressive strength of mortar and compressive strength of units 
(3D Diagram) on compressive strength of masonry composite. 
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The three-dimensional diagram of the influence of compressive strength of mortar and 
compressive strength of the units on the elastic characteristics of the masonry has been 
shown in Figure 4.6.  
The extreme values of the compressive strength of the constituent materials have placed 
on the four sides of the surface in the diagram. The mechanical properties of the running 
bond masonry wall are similar to the prior instance.   
When the compressive strength of the bricks is known, the function of the macroscopic 
Young’s modulus according to compressive strength of the mortar is ascending, but the 
second derivative of diagram is negative. It implies that by increasing the compressive 
strength of mortar, the elastic modulus of masonry increases, as respects that its effect is 
reducing.  
In addition to the curvature of the plot in the low ranges of compressive strength of the 
bricks is higher than in comparison by its high values. 
Moreover, for the constant quantities of compressive strength of the mortar, same as the 
previous case, the function is ascending with negative curvature, but in this condition for 
the low values of the compressive strength of mortar, the level of ascending and 
curvature of the subordinate is very low, so it seems that the proportion is linear. 
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Figure 4.6 – Influence of the compressive strength of mortar and compressive strength of units 
(3D Diagram) on macroscopic Young’s modulus of masonry composite. 
 
4.1.3 Poisson’s Ratio of the Constituent Materials  
 
The other parameter for investigation is Poisson’s ratio of the constituent materials. In 
this case, the properties of the masonry are as follows; and the Poisson’s ratio of the 
mortar and the units is . 
 
,  , , , 
 ,                                    Eq. 4.4 
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The first point, as it could be shown in Figure 4.7, is that the Poisson’s ratio of the units 
does not influence on the strength considerably in this case. However, the Poisson’s ratio 
of the mortar has a great effect on the behavior. Increasing the value of the Poisson’s 
ratio of mortar leads to increase of the strength as well as the effect of the parameter 
increases because the curvature of the diagram is positive as it could be seen in Figure 
4.7.  
The stress-strain plot of the aforementioned masonry, with Poisson’s ratio of  for the 
brick, is illustrated in Figure 4.8 .The behavior of the masonry composite (stress- strain 
diagram) varies by changing the Poisson’s ratio of mortar, and the ductility of the 
masonry decreases by increasing of the Poisson’s ratio of the mortar which it means that 
the behavior is going to have brittle condition. 
Moreover, the strength is increasing by increasing of Poisson’s ratio of mortar. The 
Young’s modulus of the masonry at the starting point  does not change by variation of 
the Poisson’s ratio of mortar, but the relation between Poisson’s ratio of the mortar and 
the Young’s modulus corresponding to the 20 percent of strength  will be shown in 
the following paragraphs. Generally, it shows that the Poisson’s ratio of the mortar has a 
great effect on the behavior of the masonry.      
In the terms of failure modes, it is obvious that in the case of lower values of Poisson’s 
ratio of the mortar that the behavior is ductile, the condition is tri-axial compression for 
the mortar. The tensile strength of the units is related to the failure mode for the higher 
values of the Poisson’s ratio of mortar; since the type of failure is brittle. [2] 
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Figure 4.7 – Compressive strength of masonry composite- Poisson’s ratio of the mortar diagram 
for different values of Poisson’s ratio of the units.   
   
 
Figure 4.8 - Stress- Strain diagram for different values of Poisson’s ratio of mortar. 
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Generally, Poisson’s ratio of the constituent materials has great effect on the macroscopic 
Young’s modulus. The explicit regulation could not be indicated in Figure 4.9. 
Improvement of Poisson’s ratio of the mortar unusually causes the decreases of the 
modulus of elasticity. However, for the following samples, the function is ascending, and 
for the other cases is descending: 
 
 
 
The maximum values for modulus of elasticity in the study are as follows: 
 
 
       
     
 
And the minimum quantities are as follows: 
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The conclusion is that the interpretation of the diagram with these data is not possible and 
the correlation between the elastic properties and the Poisson’s ratio of mortar and bricks 
is implicit. The pattern of the plots in some cases is similar together, but it totally varies 
for the other values of the Poisson’s ratio of bricks, for example in this case the pattern of 
the diagram for the Poisson’s ratio of  and  for units is exactly same as well as 
Poisson’s ratio of  and . However, the type of these two classifications is 
different.  
 
 
    
Figure 4.9 – The effect of the Poisson’s ratio of the constituent materials on the macroscopic 
modulus of elasticity of masonry composite. 
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4.1.4 Ratio of Young’s Modulus of Mortar to Young’s Modulus of Units  
 
Young’s modulus of the constituent materials influences on the strength and elastic 
modulus that Figure 4.6 and 4.7 have illustrated this point. The calculation of the 
Young’s modulus provides by the 20% of the maximum strength in the stress-strain 
diagram.  
Increasing of the Young’s modulus of mortar causes the increasing of the strength in all 
the cases as it is shown in Figure 4.10. However, the slope of the diagram reduces 
through increasing of the elastic modulus of mortar. It means the effect of the parameter 
decreases through the increasing.  
 
 
    Eq. 4.5 
 
 
In addition, this reduction of effect is higher in the cases which the Young’s modulus of 
units is low. Nevertheless, through increasing the elastic modulus of units, the behavior 
of function is going to be linear.  
The slope of the plots in the states which the Young’s modulus of units has the high 
ranges are high. The concept is that, the variation of modulus of elasticity for mortar, in 
the condition of high limits of Young’s modulus of units, is so sensitive and high.  
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The other comment expresses that by increasing of elastic properties for units, the 
strength increases. All of the aforementioned subjects are similar for the elastic modulus 
of masonry as it has been displayed in Figure 4.11.       
 
 
 
Figure 4.10 – Compressive strength of masonry composite- the proportion of Young’s modulus 
of constituent materials.    
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Figure 4.11 – Young’s modulus of elasticity for masonry composite- the proportion of Young’s 
modulus of constituent materials.    
 
 
4.2 Conclusion of the Sensitivity Analysis 
 
The most significant parameter for investigation was the ratio between the tensile 
strength of the units and the compressive strength of the mortar. It showed that by 
increasing the properties corresponding to the aforementioned characteristics, the 
strength would increase. However the influence of the ratio decreases through its 
increasing. Furthermore, these comments are authentic in terms of the elastic properties 
of masonry. 
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The other variable which was considered was the influence of compressive strength of 
the constituent materials simultaneously, in other words in 3-dimensional plot. It 
displayed that in the low limits of compressive strength of mortar, the influence of 
compressive strength of the bricks is negligible, but for the high values, the effect is 
considerable and it is ascending by negative curvature.  
In addition, for all the ranges of the compressive strength of units, the compressive 
strength of mortar has influence on the strength by positive relationship and the second 
derivative of the function, respect to the compressive strength of mortar, is negative. 
Besides, the aforesaid points are valid for the elastic attributes of the masonry. 
The subsequent characteristics inquired are the Poisson’s ratio of the constituent 
ingredients. The first comment is that the Poisson’s ratio of the bricks has a partial trace 
on the strength, although the Poisson’s ratio of mortar has a considerable effect on the 
strength. The diagram of the mentioned parameters is ascending with positive curvature. 
The mechanical behavior of masonry, also changes and the ductility decreases by 
increasing of the Poisson’s ratio of the mortar.  
The influence of Poisson’s ratio of the constituent materials on the macroscopic modulus 
of elasticity is complicated. There are some patterns in the diagrams, but it changes by 
variation of the Poisson’s ratio of units. 
Finally, the influence of Young’s modulus of the mortar and the bricks on the strength 
and elastic properties carried out. The ascending function by reducing the slope was the 
characteristics of these effects on both strength and elastic properties.    
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CHAPTER 5:  
EUROCODE EQUATIONS 
 
 
 
5.1 Introduction 
 
The strength and elastic parameters are the most significant values for the design of the 
masonry structures. For this purpose, the regulations, specifications and the industrial 
development have endeavored to predict the mentioned parameters by using of the 
mechanical and geometrical properties of the constituent materials.  
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However, the prediction of the strength for the historical masonry constructions has 
several challenges such as gaining the correct mechanical properties of the mortar and 
bricks.  
The aims of the chapter are representation of the Eurocode equations corresponding to 
the strength, and make a comparison between the results coming from the analytical 
model and Eurocode equations specified by the assistance of power functions calibrated 
by the statistical analysis of 1700 outputs of experiments accomplished mostly in the 
countries of Austria and Germany [9, 10].  
The accuracy of the Eurocode equations would be illustrated in the diagrams in terms of 
the historical constructions. The method for obtaining of the expressions which have 
been provided in EC6, as it was mentioned, is statistical, but in the subsequent chapter 
the application of formulations by both statistical and empirical methods will be used and 
represented.  
 
5.2 Eurocode Equations for the Compressive Strength of Masonry 
 
The characteristic compressive strength of the masonry construction, , should be 
specified from the experimental tests on the masonry samples. The general equation 
which has been demonstrated in Eurocode 6 is as follows: 
 
                                                                              Eq. 5.1 
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where: 
 
 is the characteristic compressive strength of the masonry composite, in  
 is the constant value that could be obtained in Table 3.3 in page of 37 of Eurocode 6 
are constants 
is the normalized mean compressive strength of the bricks, in  
is the compressive strength of the mortar, in  
 
The proportion of characteristic compressive strength and the compressive strength of 
masonry composite has been shown in Equation (5.2): 
 
                                                                           Eq. 5.2 
 
The different equations would be provided by application of various  and . The 
masonry frames constructed with general purposes could be analyzed in terms of strength 
properties by the following equation: 
 
                                                                         Eq. 5.3 
 
Where for the clay units, general purpose of the masonry walls (joint thickness>3mm) 
and has to be filled of the head joints is equal to .   
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The compressive strength of masonry with thin layer mortar might be obtained by the 
below equations that they could be the extreme values (maximum and minimum): 
 
                                                                     Eq. 5.4(a) 
                                                                      Eq. 5.4(b) 
 
5.3 Analytical Model vs. Eurocode Equations 
 
5.3.1 Influence of compressive strength of mortar on compressive strength of 
masonry 
 
The comparison between the analytical model and Eurocode equations has been carried 
out by using the diagram for the strength through variation of the compressive strength of 
the mortar as could be observed in Figure 5.1. Equation 5.3 is the principal formula in 
Eurocode 6 that has the best accuracy among the other equations in the specification. 
Equation 5.4.a and b does not change for the different values of the compressive strength 
of the mortar in the both cases, since in the formula  is equal to zero.  
The plots have illustrated for the following properties that the height of the mortar has 
been considered to equal 3 millimeter, because the value covers all the equations: 
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           Eq. 5.5 
 
 
 
Figure 5.1 –The compressive strength of the masonry composite- Compressive strength of the 
mortar plots.  
 
Furthermore, for the height of 15 millimeter of mortar with the same properties of the 
previous masonry wall, the diagram is shown in Figure 5.2. 
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Figure 5.2 –The compressive strength of the masonry composite- Compressive strength of the 
mortar plots.  
 
Equation 5.3 for the low ranges of the compressive strength of the mortar is 
overestimated, but for the high limits of the parameter is underestimated in this case. The 
accuracy of the equation is in a good condition in the medium values of the compressive 
strength of the mortar. For this sample, Equation 5.4.b has better preciseness than the 
Equation 5.4.a, and it shows that Equation 5.4.a overestimates the strength.  
 
 
 
 
 
 
 
 
 
 
 
Simplif ied Analytical Expressions for the Compressive Strength and Elastic Properties of Solid Brick Masonries  
 
 
Erasmus Mundus Programme 
ADVANCED MASTERS IN STRUCTURAL ANALYSIS OF MONUMENTS AND HISTORICAL CONSTRUCTIONS 53 
5.3.2 Influence of compressive strength of bricks on compressive strength of 
masonry 
 
The comparison of the Eurocode equations by the analytical model is more desirable than 
the previous diagrams in the case of the variation of the compressive strength of the 
bricks for calculation the macroscopic strength, because in all of the Eurocode formulas, 
the compressive strength of the units exists. The characteristics of the wall for this 
inquiry are as follows: 
 
 
                Eq. 5.6 
 
 
As it could be seen in Figure 5.3, the functions of Eurocode are more accurate than the 
last plots except of Equation 5.4.a that apparently overestimates the strength. Equation 
5.3 and 5.4.b are very close to each other in this situation. However, the comparison of 
the analytical model plot and the two mentioned equations demonstrates that the slope of 
the Eurocode equations respect to the compressive strength of the bricks is so more than 
the model. 
The Eurocode diagrams underestimate in comparison by the analytical model for the 
minimum values of the compressive strength of the units, though for the maximum 
extents of the parameter, the prediction is overestimated yet. Finally, for the average 
values of the compressive strength of the bricks, the calculation would be in the best 
condition similar to the compressive strength of the mortar. 
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Figure 5.3 –The compressive strength of the masonry composite- Compressive strength of the 
unit’s plots. 
 
Furthermore, Figure 5.4 displays the previous diagram for the height of 15 millimeter of 
the mortar with similar characteristics: 
 
Figure 5.4 –The compressive strength of the masonry composite- Compressive strength of the 
unit’s plots. 
Simplif ied Analytical Expressions for the Compressive Strength and Elastic Properties of Solid Brick Masonries  
 
 
Erasmus Mundus Programme 
ADVANCED MASTERS IN STRUCTURAL ANALYSIS OF MONUMENTS AND HISTORICAL CONSTRUCTIONS 55 
5.4 Conclusion of Eurocode Equations 
 
The investigation on the Eurocode equations indicated that for the average values of the 
compressive strength of the constituent materials in historical masonry constructions, the 
precision of the principal equation (Equation 5.3) in EC6 is acceptable and could be 
applied for the purpose of design and rehabilitation in the technical and industrial works.  
The errors for the best results of the compressive strength of the mortar (the first study) 
are less than 20 percent, and for the compressive strength of the units (the second study) 
are less than 10 percent, which represent that using this direct formula is reasonable for 
the masonry structures. 
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CHAPTER 6:  
CLOSED-FORM EXPRESSIONS 
 
6.1 Introduction 
 
The characteristics of the masonry constructions could be obtained by in-situ double flat 
jacks test or application of some closed-form expressions. The disadvantage of using the 
equations is that their accuracy is low as it will be illustrated in the following sections, 
while in terms of the cost evaluation; they could be inexpensive procedure for grabbing 
the mechanical attributes of the historical masonry constructions. Thus, it is mandatory to 
discover a trustworthy expression to predict the strength properties of the masonry, easily 
and quickly.  
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There are several closed-form equations in the literature for prediction of the strength 
properties. The goal of the chapter is comparing the results obtaining from the analytical 
model and these expressions which have been developed by an empirical methods or 
statistical analysis. The names of the equations that have been chosen are Engesser 
(1907), Guid (1996), Hilsdorf (1969), Francis (1970) and Tassios (1988). In the 
following sections, the details of each expression will be discussed. 
 
6.2 Representation of the Closed-Form Expressions 
 
6.2.1 Engesser 
 
The Engesser (1907) equation is one of the first equations in the literature in order to 
demonstrate the relation between the compressive strength of the masonry and the 
mechanical properties of the constituent materials. It explains that the compressive 
strength of the units and the mortar might be influenced on the strength of the masonry. It 
defines that the effect of the compressive strength of mortar is twice of the compressive 
strength of the bricks as follows [11]: 
 
                                                              Eq. 6.1 
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6.2.2 Guid 
 
The expression of Guid (1996) has more complexity than Engesser (1907) equation, but 
the effect of the compressive strength of the constituent materials has been considered 
merely. The effect of compressive strength of the mortar has logarithmic relation with the 
strength, and it is multiplying by the compressive strength of the units, that Equation 
(6.2) represents the formulization [12]:  
 
                                                      Eq. 6.2 
 
 
6.2.3 Hilsdorf 
 
The subsequent empirical expression that predicts the strength of the masonry is Hilsdorf 
(1969) 1969 equation. The compressive and tensile strength of the units, the compressive 
strength of the mortar and the geometrical dimensions included the thickness of the 
constituent materials have been considered in the equation. This expression takes into 
account more parameters, and it seems to have more preciseness in comparison by the 
previous equations [13]:  
 
                                                     Eq. 6.3 
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6.2.4 Francis 
 
One of the complicated expressions that take into account more mechanical properties of 
the constituent ingredients as well as the geometrical characteristics is Francis (1970) 
equation which has been applied the elasto-brittle model. The influence of the 
compressive and tensile strength of the bricks, the Poisson’s ratio of the constituent 
materials, the Young’s modulus of the units and the mortar and the thickness of the 
constituent components on the strength of the masonry frame have been investigated by 
Francis.  
One of the deficiencies of the expression is ignoring of the compressive strength of the 
mortar, but it could be concluded by the Young’s modulus and the Poisson’s ratio of the 
mortar.  
 
                                         Eq. 6.3 
               
 
6.2.5 Tassios 
 
Several expressions have been concluded by the investigations of Tassios (1988) that in 
the thesis the following equation is considered that has been published in the paper of 
1985 and in the 9th International Masonry Conference.  
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The detection method of formula is statistically and the effect of compressive strength of 
the constituent materials as well as their thickness has been included in the expression. 
The simplicity of this formula is more than Hilsdorf (1969) and Francis (1970) equations, 
although it might be more precise for prediction of the compressive strength of the 
masonry. [15, 16] 
 
 
                                           Eq. 6.4 
 
 
6.3 Analytical Micro-Model vs. Closed-Form Expressions 
 
6.3.1 Influence of compressive strength of the mortar 
 
The comparison between the analytical model and direct closed-form equations by using 
of the diagram for the strength of the masonry composite through changing of the 
compressive strength of the mortar has been carried out and the consequences have been 
illustrated in Figure 6.1 for the following properties: 
 
 
      Eq. 6.5 
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The first comment is that the estimation of Francis (1970) equation is very unfavorable 
and overestimated. The second formula which is overestimated is Hilsdorf (1969) 
expression and it could not be applied in the technical projects in this sample. However, 
the three other formulations have a desirable preciseness, but Engesser (1907) equation is 
a bit overestimated for this properties.  
The accuracy of Guid (1996) and Tassios (1988) formulas in this case is more pleasant 
and especially for the average values of the compressive strength of the mortar, the 
results are identical respect to the analytical model. However, for the low quantities of 
the compressive strength of the mortar, they are overestimated, besides for the maximum 
limits of the parameter, the results are lower than the model. 
 
 
Figure 6.1 –The compressive strength of the masonry composite- Compressive strength of the 
mortar.     
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6.3.2 Influence of compressive strength of the bricks 
 
The compressive strength of the bricks is the third significant parameter in the masonry 
structures in terms of failure modes. Thus, it might be critical to investigate the behavior 
of the masonry through variation of the mentioned characteristics. The evaluation of the 
direct formulas and analytical model, and make a comparison between them by applying 
the plots of the strength through variation of the compressive strength of the units is 
provided in the section for the following characteristics: 
 
 
                  Eq. 6.6 
 
 
 
It was demonstrated in the previous chapters that the slope of the strength through 
changing the compressive strength of units is very slight which could be observed again 
in Figure 6.2 corresponding to the analytical model. However, the slope of the closed-
form equations is very higher than the micro-model. 
The validity of Francis (1970) equation and after that Hilsdorf (1969) expression for 
these characteristics is low in comparison by the other formulas. Guid (1996) and Tassios 
(1988) expressions in this situation underestimate the compressive strength of the 
masonry construction.  
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Eventually, Engesser (1907) equation even by the simplest appearance has the best 
prediction in this study. The precision of the formula for the average values of the 
compressive strength of the bricks is in the best condition, while the outputs are 
overestimated and underestimated for the maximum and minimum quantities of the 
compressive strength of the units, respectively.   
 
 
Figure 6.2 –The compressive strength of the masonry composite- Compressive strength of the 
mortar.     
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6.3.3 Influence of tensile strength of the units and compressive strength of the 
mortar 
 
The comparison of various closed-form equations and analytical micro-model using the 
strength through the variation of the ratio of the compressive strength of the mortar and 
the tensile strength of the bricks has conducted as it could be observed in Figure 6.3 for 
the following characteristics: 
 
 , , ,  
, ,                                             Eq. 6.7 
 
 
Francis (1970) formula has predicted the strength more than the analytical model. The 
equations in this case could be classified in two categories named overestimated and 
underestimated formulas, except Francis (1970) equation. Hilsdorf (1969) and Engesser 
(1907) expressions predict the strength overestimated, while Guid (1996) and Tassios 
(1988) formulas underestimate the strength through changing the ratio of compressive 
strength of the mortar and tensile strength of the units. These two last equations are very 
close to each other in this case. However, Hilsdorf (1969) and Engesser (1907) formulas 
in the high limits of the ratio have similar results.  
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Figure 6.3 –The compressive strength of the masonry composite- The ratio of Compressive 
strength of the mortar and tensile strength of the bricks.     
 
As a conclusion, Engesser (1907) equation for these properties has the best outputs 
among all the other equations. The accuracy of these for equations for the average values 
of the ratio is more appropriate than the extreme extents of the proportion. 
 
6.3.4 Influence of Poisson’s ratio of the mortar 
 
The comparison of the closed-form equations of the literature and the analytical model 
has been conducted for the properties of the following masonry wall, and the results are 
illustrated in Figure 6.4. 
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,  , , , 
, ,                       Eq. 6.8 
 
 
In the formulas of the mentioned equations, the effect of Poisson’s ratio of the mortar has 
not been considered except Francis (1970) equation. Thus, the slope of these expressions 
in the following plots is zero, but it could be interpreted in terms of the values of the 
strength. The quantity of the strength for Francis (1970) equation is overestimated 
repeatedly, and the slope of this equation respect to the Poisson’s ratio of the mortar is 
negative, in contrast to the analytical micro-model. 
Engesser (1907) and Hilsdorf (1969) are overestimated in comparison by the analytical 
model. Although, Guid (1996) and Tassios (1988) do not consider the effect of Poisson’s 
ratio of the mortar, but the prediction of the strength are more accurate than the other 
equations. For high values of the ratio, the accuracy of these two expressions is so 
appropriate for these properties. 
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Figure 6.4 –The compressive strength of the masonry composite- The Poisson’s ratio of the 
mortar.     
 
 
6.3.5 Influence of Poisson’s ratio of the units  
 
The influence of the Poisson’s ratio of the bricks on the strength is studied in this part for 
the following characteristics: 
 
,  , , , 
, ,                   Eq. 6.9 
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As it could be observed in Figure 6.5, the Poisson’s ratio of the units does not have any 
effect on the strength. Nevertheless, the derivative of the analytical model and Francis 
(1970) equation respect to the Poisson’s ratio of the bricks is not zero and they are 
negative and positive, respectively. Although, the amount of the mentioned value are so 
close to zero and it is negligible. 
 
 
Figure 6.5 –The compressive strength of the masonry composite- Poisson’s ratio of the units.     
 
 
In terms of strength properties, the analytical model has the lowest quantity among all the 
other formulas in this condition. Tassios (1988) and Guid (1996) equations have the 
nearest values to the model, and in the second level, Hilsdorf (1969) and Engesser (1907) 
expressions are overestimated. Finally, the worst and overestimated prediction is 
corresponding to Francis (1970) equation. 
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6.3.6 Variation of Francis Equation in terms of Poisson’s ratio of the constituent 
materials 
 
The influence of Poisson’s ratio of the constituent materials on the strength in Francis 
(1970) equation was investigated for the following properties: 
 
,  , , , 
,                            Eq. 6.10 
 
 
Similar to the analytical model, it could be shown that the Poisson’s ratio of the units 
does not have any effect on the strength. Besides, by increasing the Poisson’s ratio of the 
mortar, the strength decreases by using this equation, because the slope is negative. 
However, in the analytical model, as it was displayed in the previous chapters, the slope 
of the diagram respect to the compressive strength of the mortar was positive, as well as 
the second derivative.  
Thus, the significant difference between Francis (1970) equation and the analytical 
model is the way of influence of the compressive strength of the mortar on the 
macroscopic strength.  
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Figure 6.6 –The compressive strength of the masonry composite- Poisson’s ratio of the 
constituent materials.     
 
 
6.3.7 Influence of Young’s modulus of the mortar 
 
In the figure below, the effect of Young’s modulus of mortar on the strength has been 
investigated for the following attributes and the comparison between the analytical model 
and closed-form expressions is shown.  
 
 
     Eq. 6.11 
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The first point that could be observed is the slope of the diagrams which for analytical 
model are more than the equations. The second comment repeatedly is about 
overestimated calculation of the Francis (1970) equation. The magnitude of the 
expressions from high to low strength is Engesser (1907), Hilsdorf (1969), Guid (1996) 
and Tassios (1988), respectively, except Francis (1970) equation. It seems that Guid 
(1996) expression has the best prediction in this case. 
 
 
Figure 6.7 –The compressive strength of the masonry composite- Young’s modulus of the 
mortar.     
 
6.3.8 Influence of Young’s modulus of the units 
 
The effect of the Young’s modulus of the mortar on the strength for various closed form 
equations and their comparison by the analytical model is studied in this section for the 
following characteristics: 
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              Eq. 6.12 
 
 
The main difference of the analytical model by the expressions is the slope of the 
diagram in this case. For these properties, Young’s modulus of the mortar does not 
influence on the strength considerably. However, the slope of the equations is so more 
than the model. The best prediction is Tassios (1988) and Guid (1996) formulas. The 
accuracy of the other equations is very low for these attributes.  
 
 
Figure 6.8 –The compressive strength of the masonry composite- Young’s modulus of the 
mortar.     
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6.3.9 Influence of Young’s modulus of the constituent materials  
 
The influence of the ratio of Young’s modulus of the constituent materials on the 
strength has been inquired for the various formulas, and the comparison by the analytical 
model is illustrated in Figure 6.9 for the following properties of the wall: 
 
  
 
           Eq. 6.13 
 
 
As it could be observed in the diagram, the slope of the analytical model is more than the 
equations. The best results are related to Hilsdorf (1969) equation for these attributes. 
Guid (1996) and Tassios (1988) expressions are underestimated, while Engesser (1907) 
and Francis (1970) formulas are overestimated.   
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Figure 6.9 –The compressive strength of the masonry composite- The ratio of Young’s modulus 
of the constituent materials.     
 
For the high values of the ratio (Young’s modulus of mortar to Young’s modulus of 
units) Francis (1970) has the best prediction and Tassios (1988) has appropriate outputs 
for the low ranges. The order of the equations in order to get accurate results from low to 
high values of the ratio is Tassios (1988), Guid (1996), Hilsdorf (1969), Engesser (1907) 
and Francis (1970), respectively.  
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6.4 Conclusion of Closed-Form Expressions 
 
The effect of various material parameters on the strength was investigated in this chapter, 
and the comparison of the closed-form equations with the analytical model was 
illustrated. The accuracy of the expressions in each case was shown. 
In the case of influence of the compressive strength of the mortar, Francis (1970) 
equation is very overestimated, as well as Hilsdorf (1969). The third equation in terms of 
overstating is Engesser (1907). However, Guid (1996) and Tassios (1988) have a good 
accuracy in this case. 
In terms of the effect of compressive strength of units, repeatedly, Francis (1970) and 
Hilsdorf (1969) are overestimated, but Guid (1996) and Tassios (1988) are 
underestimated. Engesser (1907) equation has the best prediction for these 
characteristics. 
The third investigation was on the ratio of tensile strength of the units and compressive 
strength of the mortar. Similar to the previous paragraphs, Francis (1970) is 
overestimated. In addition, Hilsdorf (1969) and Engesser (1907) predict the strength 
more than the reality. Guid (1996) and Tassios (1988) are underestimated. Finally, it 
could be indicated that the best prediction for this parameter is for Engesser (1907). 
The next parameter is Poisson’s ratio of the mortar. Although, only Francis (1970) 
equation has considered the ratio in its formula, but the results are overestimated yet. 
Hilsdorf (1969) and Engesser (1907) are overestimated. Tassios (1988) and Guid (1996) 
expressions have the best accuracy.  
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The effect of Poisson’s ratio of the units is negligible as it was mentioned in the previous 
chapters. However, in terms of comparison by the analytical model, it could be indicated 
that all of the equations are overestimated for prediction of the strength. Tassios (1988) 
and Guid (1996) have the best accuracy among the other equations. 
The last parameters are the Young’s modulus of the constituent materials. For the 
Young’s modulus of the mortar, Guid (1996) expression has the best accuracy, and for 
Young’s modulus of the units Tassios (1988) and Guid (1996) formulas are the best. In 
addition, in terms of the ratio of the Young’s modulus of the constituent materials, 
Hilsdorf (1969) is more accurate than the other expressions.  
As a conclusion, in most of the cases, Tassios (1988) and Guid (1996) equations have the 
best preciseness, and for some parameters, Engesser (1907) is more accurate among all 
the other expressions. Besides, Francis (1970) for all the characteristics is overestimated. 
Thus, the complexity of the formulas and considering all the attributes of the materials 
could not be given precise results, and they do not have any relation to each other.    
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CHAPTER 7:  
SUMMARY AND CONCLUSION 
 
 
7.1 Summary 
 
In the present thesis, a numerical tool was used to predict the compressive strength and 
the elastic properties of the historical masonry running bond wall. The analytical 
expression has been developed by A. Drougkas (2015) [1]. 
The ranges of the mechanical characteristics and geometrical properties of the constituent 
materials for historical constructions have been investigated in the literature. The 
parametrical study of the influence of various parameters on the strength and elastic 
properties was carried out. 
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Finally, the outputs coming from the analytical model and Eurocode equations as well as 
closed-form expressions have been compared through different diagrams.  
 
7.2 Future Works 
 
All of the mentioned studies could be carried out for the other typologies of the masonry 
wall as well as other types of the masonry constructions. In addition, the sensitivity 
analysis of the influence of the dimensions of the constituent materials on the strength 
and elastic characteristics could be done in the future works.  
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